Preface
The purpose of this book is to give an exposition of the analytic theory of Lfunctions following the ideas of harmonic analysis inaugurated by Tate and Weil. The central theme is the exploitation of the Local Langlands' Correspondence for GL n to obtain results that apply to both Artin-Hecke L-functions associated to representations of the Weil group and to automorphic L-functions of principal type on GL n . In addition to establishing functional equations, explicit formulas and non-vanishing theorems, essential ingredients in any discussion of generalized prime number theorems, we also derive lower bound estimates for discriminants and conductors.
The author's intention has been to make available to a broad mathematical audience those aspects of the theory of L-functions that are closely related to the modern interconnections between the analytic theory of numbers and the theory of group representations.
A noteworthy characteristic property of number fields that distinguishes them from function fields is the existence of archimedean primes. These primes not only make their appearance as gamma factors, but also play a crucial role in controlling the analytic growth of L-functions and in the distribution of zeros and poles. In this spirit, we have placed a great deal of emphasis in the study of archimedean L-factors.
A detailed description of the contents of each chapter can be obtained from the introductory section. A survey of the local theory of root numbers is also included as an appendix. the theory of automorphic L-functions on GL n (k). A more detailed presentation can be found in A. Weil, Dirichlet Series and Automorphic Forms [210] , and in H. Jacquet and R.P. Langlands, Automorphic Forms on GL(2) [86] for the theory on GL(2); a treatment of the higher dimensional case, GL(r),r > 3, can be found in H. Jacquet, Principal L-functions of the Linear Group [84] and in R. Godement and H. Jacquet, Zeta Functions of Simple Algebras [69] .
Chapter II. The reader is expected to be familiar with the basic theory of linear representations of finite groups up to and including knowledge of Brauer's Theorem as contained for instance in J.-P. Serre, Linear Representations of Finite Groups [164] , § §1-10.
For a deeper discussion of Weil and Weil-Deligne groups the reader can supplement his study by consulting J. Tate, Number Theoretic Background, [187] .
The ramification theory needed to understand the properties of conductors from the point of view of the Herbrand distribution is given in C.J. Moreno, Advanced Analytic Number Theory [127] . The definitions and elementary properties of the absolute Weil group of a number field given in Chapter II, §2.3 are taken from the report in A. Weil, Sur la theorie de corps de classes [211] and from the detailed presentation in [212] . A modern exposition is also given in J. Tate's article referred to above [187] .
The descriptive survey of the local Langlands correspondence for GL{n) given in Chapter II, §15 uses standard terminology about group representations; for these the reader can consult A. Kirillov, Elements of the Theory of Representations [101] or the excellent Encyclopedic Dictionary of Mathematics, second edition, published by the Mathematical Society of Japan. For a more detailed and rigorous presentation the reader can consult the excellent treatment in A. Knapp, Representation Theory of Semisimple Groups, [100] .
Chapter III. The essential requirements for this chapter have been kept to a minimum. An acquaintance with the classical Hadamard theory of entire functions of order 1 and their associated Weierstrass products would be sufficient. This material is found in L. Ahlfors, Complex Analysis [1] , Chapter IV, §3, and Chapter V, § §1, 2 on harmonic and subharmonic functions. The principal results of the chapter deal directly with the analytic properties of archimedean L-factors, also known as gamma factors; for these the reader cannot do better than consult the classical treatment in E. T. Whittaker and G. N. Watson, A Course of Modern Analysis [215] , particularly Chapters XII and XIII.
Chapter IV. Some acquaintance with the classical Mellin transform as well as knowledge of the conditions under which its inverse exists is needed. The basic theory can be deduced from that of the Fourier transform on the real line. The latter is developed in Y. Katznelson, An Introduction to Harmonic Analysis [98] , Chapter VI (see also [115] The theory of Eisenstein series for maximal parabolic subgroups of GL(n) used in the proof of the Jacquet-Shalika non-vanishing theorem is a generalization of the Hecke-Riemann method for proving functional equations and uses the properties of theta series developed in Chapter I. The reader who is unfamiliar with these topics or who wishes to acquire a working knowledge of the theory may want to consult the following treatises on the general theory of Eisenstein series: (i) T. Kubota Finally we must describe the method followed for cross-references. Theorems have been numbered continuously throughout each chapter; the same is true for lemmas, for definitions, and for the numbered formulas. The few corollaries and
Introduction
Chapter I. The pioneering work of Euler on the zeta function and Dirichlet's subsequent introduction of L-functions provided a major conceptual advance in our understanding of the set of all prime numbers. The identity
which exhibits clearly the multiplicative and the additive properties of the ordinary integers, is a cornerstone of the modern analytic theory of numbers, a theory which evolved in the course of the last century into a vast and powerful enterprize. Within this new framework, formal infinite products indexed by the primes, often called "product formulas", are intended to be the carriers of both algebraic and geometric as well as analytic and spectral information. The genesis of these ideas can be traced back to Hilbert's formulation of his reciprocity law for the residue symbol, as well as to the work done by Herbrand, Chevalley and Weil who forged the old arithmetic concepts of unique factorization with the topological concepts present in Tychonoff's Theorem on infinite products of locally compact spaces to produce the basic tools of harmonic analysis on the groups of ideles and adeles.
On the analytic side, the study of zeta and L-functions dates back to one of Riemann's three proofs of the functional equation for £(s) -the one based on the transformation formula for the elliptic theta function:
To gain a better understanding of the origin of these ideas, we recall that a proof of the theta transformation formula is based on the solution to the following 1 . From physical considerations based on the superposition principle and the idea of separation of variables one is lead to the two solutions
Using an elementary lemma from the calculus of variations, the uniqueness of the solution u, itself a consequence of the energy estimate ^ J Q u 2 dx < 0, leads immediately to an equivalent form of the theta formula. The functional equation of the Riemann zeta function in its usual form is then obtained by applying a suitable Mellin transform to both sides of the theta identity.
New ideas in functional analysis and the rise of the theory of distributions made it possible to develop the above elementary argument into a powerful technique capable of new applications to two closely related branches of mathematics: to zeta and L-functions and to infinite dimensional group representations.
Weil was the first to formulate in the local to global language of Tate's Thesis the relation between functional equations and the uniqueness of certain zeta distributions. At the heart of his new interpretation is an old idea of Weil concerning the determination of relative invariant measures, which had already appeared in his classic work on integration over topological groups. The subsequent full development of these ideas by Weil himself, and the light they shed on Siegel's insights into the Poisson Summation Formula, established beyond doubt the fruitfulness of this new point of view. Chapter I is an elementary introduction to this circle of ideas. It includes a detailed presentation of Tate's Thesis together with Weil's ideas about distributions and zeta functions. In this framework, the local calculations at the infinite prime are simply an elaboration of the well known results of Hadamard and M. Riesz on homogeneous distributions. Our elementary presentation can serve as an introduction to the theories of Sato concerning hyperfunctions defined by complex powers of polynomials and zeta functions on prehomogeneous spaces and to the theory of the Bernstein polynomial. We have also given a brief outline of the Jacquet-Godement theory of principal L-functions which is the natural generalization to GL(n) of Hecke's L-functions viewed as automorphic objects on GL(1 
together with the attendant functoriality properties describing the behavior of the objects in (i) and (ii) under finite extensions (restriction) and the norm map (induction).
As is well known, Art in constructed L-functions that generalize those of Dirichlet in the non-abelian case. The main gluing ingredient being the Artin-Brauer theorem, which describes how the characters of a finite group can be expressed as linear combinations of those arising by induction from abelian groups. This, and the fact that Hecke had constructed L-functions associated to arbitrary characters of the idele class group, lead to the possibility of amalgamating these two types of L-functions (Artin's and Hecke's) into a single analytic package. This challenge was taken up by Weil, who based his construction on the existence and uniqueness of the group extension
associated to the fundamental class of class field theory. Weil's construction of the Artin-Hecke L-functions associated to finite dimensional representations of W(K/k) requires a generalization of the Artin-Brauer theorem, which works for infinite nonabelian locally compact groups like W(K/k).
This theory was complemented by work of Tamagawa on conductors and archimedean L-factors. The main results of this theory are explained in Chapter II which includes the functional equation for the L-functions of representations of W{K/k) (Lemma 3 and the Main Theorem in §13). We also include a brief description of the Dwork-Langlands' theorem on the decomposition of the root number into local factors, a result of fundamental significance for the modern theory of automorphic L-functions on GL(n), and the new non-abelian reciprocity laws of Langlands. A brief survey of the basic Langlands functoriality principle as it applies to GL{n) is included. This principle implies among other things that the Galois class of Artin-Hecke L-functions studied in Chapter II coincides with a subset of the class of principal L-functions studied in Chapter I.
Chapter III. The finite primes in a number field, that is to say, those associated to non-archimedean valuations, are to some extent determined by the well known theorem of Wedderburn concerning the commutativity of finite division rings. In contrast, the infinite primes in a number field, those corresponding to archimedean valuations, are controlled by the fundamental theorem of Gelfand, which identifies the field of complex numbers, up to topological isomorphism, as the only complex commutative Banach division ring with identity. In this context, the main characteristic property which distinguishes number fields from function fields of positive characteristic is the existence of archimedean primes. An old saying in INTRODUCTION analytic number theory declares that the central questions will remain open until we have gained a better understanding of the nature of all the primes including the archimedean ones. It is in this spirit that the verification of the integrality of L-functions remains a difficult problem intimately related to the presence of gamma factors. A similar instance is the location and distribution of the zeros of L-functions, a problem which rests ultimately on bounds for the local archimedeam L-factors. An important result in this connection is Riemann's product formula:
where the product on the right-hand side is taken over all the zeros of £(s) in the strip 0 < Re(s) < 1, it being understood that p and 1 -p go together.
The study in depth of the archimedean primes and their local L-factors starts with the well known characterization theorem of Bohr-Mollerup:
The Euler gamma function T(s) is the only function defined for real s > 0, which is positive, is 1 at s=l, satisfies the functional equation sT(s)=T(s + 1), and is logarithmically convex, that is, log T(s) is a convex function on the real line.
The uniqueness of the multiplication formula for the gamma function, viewed as an identity between local L-factors, is the arithmetic manifestation of the basic fact that the real archimedean prime admits a unique non-trivial extension: the complex one. The analytic properties of the gamma function stem from the realization that log |r(s)| = Re logr(s) is a harmonic function, a fact already used by Rademacher (and to some extent also by Siegel) to obtain strong Phragmen-Lindelof estimates for r(s). This circle of ideas have applications to growth estimates for L-functions with at most a finite number of poles.
The above remarks set the tone for the emphasis given to number fields in this book. Chapter III is an exposition of these ideas, classically known as convexity estimates. It includes estimates for the automorphic L-functions of principal type on GL(n), as well as for the Artin-Hecke L-functions. The main results in this chapter are Riemann's Formula in Theorem 3 and the estimates in Theorems 14A, 14B, and 14C.
Chapter IV. The linearization of Riemann's product formula, obtained by differentiating the logarithms of both sides, leads to explicit relations between the primes (finite and archimedean) and the non-trivial zeros of ((s). These relations, when integrated against particular functions $(s) over suitable domains in the s-plane provide new identities that form the core of many applications of zeta functions to questions about number fields. The internal symmetries possessed by these formulas seemed to have been first observed by Riemann himself, but were not developed to any great extent until the middle of the last century when Guinand, then Delsarte, and finally Weil found generalizations which exhibited some kind of duality between zeros and primes. In its modern formulation, Weil's explicit formula is an equality between two distributions, one associated to the zeros of an L-function, and another -its "Fourier Dual"-associated to the primes. It has been a goal of many number theorists, a goal which remains unfulfilled to this day, to formulate a "natural operator problem" whose solution has a well defined trace given by both sides of the explicit formulas. An answer to this problem will certainly be accompanied with new insights into the dual relation between the primes and zeros of as).
There is no doubt that the explicit formulas have proven their worth in the study of the distribution of prime numbers. They have also been very suggestive in the study of group representations, as already noted by Selberg 2 in reference to the trace formula for SL (2): "... it has a rather striking analogy to certain formulas that arise in analytic number theory from the zeta and L-functions of algebraic number fields."
An observation that lead him to the introduction of the Selberg zeta function.
Given the new work of Connes, which adds significance to the general notion of trace, we expect that the explicit formulas will continue to exercise an ever increasing role in the study of L-functions.
We remark that in the meantime it is possible, using an observation of Delsarte, to calculate certain invariants of operators, e.g. the regularized expression exp(^]log p), p an expression that attaches a sense to the notion of determinant associated to zeta and L-functions. Another important application of the explicit formulas, not considered in this book, is Montgomery's work on the Pair Correlation Hypothesis, a deep insight on how the zeros of £(s) are jointly distributed. The work of Sarnak and Rudnick has demonstrated that this is a very general phenomenon that applies to the larger class of automorphic L-functions on GL(n). The explicit formulas of Weil are studied in Chapter IV. The main results are Theorem 4A and Theorem 4B.
Chapter V. The diophantine properties of number fields are intimately connected with the presence of ramification as was early realized by Kronecker. The well known theorem of Minkowski:
has a representation theoretic interpretation, as follows from a result of Hamburger, to the effect that the trivial representation is the only Galois representation
which is unramified everywhere, including at the archimedean primes. Artin noted that the zeta functions of simple algebras over number fields could be calculated explicitly, and that their precise form, including the exact location of their poles, could be used advantageously to prove the central theorem of class field theory: In the opposite direction, as soon as ramification is allowed, as in the case of quaternion algebras, the internal structure of the zeta function is more complicated and the explicit form of the global root number, the holder of ramification information, becomes relevant. Siegel, and in a more explicit way Stark, discovered analytic formulas (relatives of the Poisson summation formula in the additive case and variants of the explicit formulas in the multiplicative case) capable of exhibiting the non-triviality of the discriminant of a simple algebra over a number field. The explicit form of these analytic approaches to the study of ramification, which uses increasingly more information about zeros and poles of zeta functions, was developed by Stark, Odlyzko, Serre and others. A noteworthy refinement of these ideas involves the use of the explicit formulas; for example, Mestre has obtained lower bounds for the conductor of certain automorphic L-functions whose archimedean components are discrete series. We give in Chapter V a development of these ideas. The results in this chapter are best viewed as contributions to arithmeticalgebraic geometry in the sense of Arakelov, Faltings, and Szpiro. The principal results are The Main Formula in §4, Lemmas 2 and 3 and Theorem 6.
Chapter VI. Norbert Wiener's main contribution to analytic number theory was his tauberian theorem which establishes the equivalence of prime number theorems and the non-vanishing theorems for zeta functions. Whether one is interested in the proof of a classical prime number theorem, or in one of its modern versions, e.g. Chebotarev's density theorem, Sato-Tate distributions for the eigenvalues of Hecke operators, analytic proofs of strong multiplicity one, the Deligne or Katz-Sarnak monodromy distribution theorems etc., the key problem in the analytic approach is the proof of the non-vanishing of L-functions on the boundary of the region of absolute convergence.
The most significant progress in this direction has been the generalization by Deligne of the method of Hadamard and de la Vallee Poussin, which establishes non-vanishing for L-functions of a wide class that includes all the classical ones (Riemann zeta, Dirichlet L-functions, Artin-Hecke, etc.) and has the potential for further applicability to arbitrary automorphic L-functions, once a weak version of Langlands' functoriality principle is available -analytic continuation of the L-functions of Langlands L(s, r, n) for Re(s) > 1 for all finite dimensional representations r of the L-group, except possibly for a simple pole at s -1 when r = 1.
There is a second method for proving non-vanishing which rests on the analytic properties of Eisenstein series. In one version it is based on the fact that the Eisenstein series E(s,g) of a maximal parabolic subgroup of a connected reductive algebraic group G, as a function of the complex variable s, has analytic continuation to the unitary axis iR, and on the theory of the Whittaker functional, which generalizes the theory of Fourier coefficients, and which for a non-trivial additive character ip of the unipotent group TVA/N/C, gives a Fourier coefficient
where (/?(s, g, ip) ^ 0 for 5 £ iR. This in turn implies that L(l + it,7r) ^0, for all real values of t. An exposition of these ideas, including a brief introduction to the powerful Langlands-Shahidi method is given in Chapter VI. In addition, we have included a discussion of a little known result on the non-vanishing of ((s) based on elementary Hilbert space techniques. The reader will also find here a brief discussion to the generalized Ramanujan conjecture, a very significant problem, full of implications for the future development of analytic number theory. Some exciting new results have been obtained in this area by Iwaniec and Sarnak and their collaborators ([155] ) by using methods akin to those presented in Chapter IV.
There is another application of the theory of Eisenstein series on metaplectic groups to non-vanishing theorems for L-functions, which is not presented in this book, but because of its non-classical nature deserves to be mentioned in this introductory paragraph. In its simplest manifestation, it arises from the Fourier expansion of Eisenstein series of half integral weight on the Hecke group TQ(4:N) . The Fourier coefficients turn out to be essentially Dirichlet L-functions associated to quadratic extensions of the field of rational numbers. By a sieving procedure, average information about these coefficients can be extracted from knowledge of the singularities of the relevant Eisenstein series. In the special case of automorphic L-functions L(S 1 TT) on GL(2), a key fundamental idea is Waldspurger's characterization of the values of L(~,TT ® \) m terms of lifts TT to the metaplectic cover of GL(2). In one of the most striking applications of these ideas to number theory, it has been possible to show the non-vanishing of the twisted Hasse-Weil zeta function L(s, E ® x) °f elliptic curves at the point s -1, (the central point of the critical line) for infinitely many quadratic characters x, as we^ as f°r the derivatives. In contrast to the classical situation, this type of non-vanishing has direct applications to problems of diophantine analysis, a situation that is controlled by the well known Birch and Swinnerton-Dyer conjecture. For an excellent exposition of the ideas surrounding this type of non-vanishing, the reader should consult the survey article by Bump, Friedberg, and Hoffstein in [24] .
Appendix.
The functional equation of an Artin L-function, which relates its values at 5 and at 1 -5, contains an arithmetic factor, known as the root number, whose behavior resembles that of a quadratic Gauss sum
Hasse, who knew well the factorization of the Gaussian sum as a product of similar sums with the integer TV replaced by its prime power divisors, suggested that the root number appearing in the functional equation Langlands' original approach, itself a lengthy and intricate induction which builds on earlier work of Dwork as well as on his own new Gauss sum identities is noteworthy because in it the existence of local root numbers is established by purely local techniques, suggestive of the existence of a non-abelian local class field theory, a theme which is at the heart of Langlands' Functoriality Principle.
The Appendix surveys in broad outline the two main components of the local theory of root numbers: (a) a description of the form of the three main local root number identities, (b) the determination of the corresponding three generators for the kernel of Brauer induction for solvable groups. The main goal of this Appendix is to introduce the reader to one of the most interesting and profound tools for the study of L-functions and automorphic forms.
APPENDIX A THE LOCAL THEORY OF ROOT NUMBERS:
A Survey
In A.l and A.2 we review briefly in a simplified form some definitions and results that have been discussed in Chapter I and Chapter II.
Art in L-Functions and their Functional Equations
Let K/k be a Galois extension of number fields of degree n. Let In order to define the Artin L-function associated to the representation p we must introduce local factors at each of the primes v oik. Let TRO) = 7r" s / 2 r(s/2) and rc(s) = (27r)~sr(5) be the well known gamma functions of the complex variable s. If v is an archimedean prime, we define a local L-factor by the prescription: Artin's proof of the assertion (1) is the crowning achievement of his theory of conductors. The proof of (2) The rest of this appendix will attempt to explicate Langlands' local theory of root numbers, a significant and crucial component of the functoriality principle. Its original development by Langlands, dating back to 1967, has remained for a long time an almost impenetrable manuscript, dependent on unpublished work of Dwork, some of which is possibly no longer extant.
2
Our aim is to convey to the reader the beautiful and elegant architecture which underlies Langlands' original local approach to the theory of root numbers. It is based on Deligne's version of Langlands' determination of the relations in the kernel of Brauer induction for solvable groups 3 . In a monograph presently under preparation, Langlands' local theory of root numbers will be fully developed; this will include details of the necessary Dwork relations. It is hoped that by doing so interest will be generated in pursuing the study of Langlands' insight into the possible intertwined and parallel local approach to the development of the local functoriality principle and the local theory of root numbers.
The Theory of Local Root Numbers
Let k be a local field, let ifrk '. k + -> C x be the standard additive character and let dx be the self-dual Haar measure on /c + with respect to ipk, SO that
with uj\ : k x -+ C x the normalized absolute value on k. We put
For k a non-archimedean local field (of characteristic 0 and residue class field F q ) we define the local L-function as follows: Ifx*^x -> C x is a ramified character (e.g. not trivial on the unit group Uk oik), L{\) -1. Otherwise, we put
(nk a local uniformizing parameter for k).
Tate's Local Functional Equation.
Take dx to be the self-dual Haar measure with respect to the standard additive character tpk on /c + and put
, and let \ = ^i/x-We then have
where e{x,rl>k,dx) = {N 7 )-^W{x^k), 7GP with ordk 7 = ordkDk + ordkT x , and
(Uk = different of fc, T x = conductor of x).
REMARK. Note that W(x^k)
is not necessarily of absolute value 1.
Let K/k be a finite Galois extension of local fields and let W(K/k) be the relative Weil group of K/k, e.g. the group extension associated to the canonical class of local class field theory: These and all the facts we use about Weil groups are found in Chapters I and II. See also A. Weil, u Dirichlet Series and Automorphic Forms", [210] , as well as the references given there in Chapter XI (see also P. Deligne [45] ).
In formulating the main result of the local theory we shall use the following lemma due to Weil and proved in Chapter II, §1. (See also Lemma 4, in A. Weil, [205] ).
LEMMA. (Weil) Let k be a local field and Wk its absolute Weil group. Let p:W k^ GL{V C ) be an irreducible representation in a complex vector space VQ. Then there exists a complex number s G C such that the twisted representation p ® LJ-S has kernel, which is of finite index in Wk and therefore has a realization as a representation of Gal(K/k) for some finite extension K of k.(Here we have put uo s = uf).
The above lemma reduces the study of local root numbers on Weil groups to root numbers on Galois groups. (uo s = UJ{ is an unramified quasi-character.)
The Main Result.
THEOREM. (Existence of Local Constants) There exists a unique function W(V, dx), satisfying the conditions (l)-(4) below, which attaches a number W(V, dx) in C x to each isomorphism class of quintuples (K, K s , dx, V, p) consisting of a local field K, a separable closure K s of K, a Haar measure dx on K+, a complex vector space V of finite dimension and a representation p:Gal(K s /K) -> GL(V).
(1) For every exact sequence of representations
dx). This condition guarantees that W(V, dx) is well defined on the class of V in the Grothendieck group of representations of Gal(K s /K) and gives a sense to W(V, dx) for any V which is a virtual representation. (2) W(V,adx) = a dirnV W(V,dx).

In particular, if the standard character ipk is replaced by a non-trivial twist, the behavior of the dual Haar measure dx is also determined. Furthermore, for V virtual of dimension 0, W(V,dx) is independent of the choice of dx. We denote it byW(V). (3) If L/K is a finite Galois extension and VK is the virtual representation of Gal{L/K) induced by a virtual representation VL, one has
The proof of the main result is long and complex and is based upon the following theories:
(i) Weil's generalization of the Brauer induction theorem to WK (Deligne's version suffices). (ii) Langlands' determination of the relations that generate the kernel of Brauer induction for finite solvable groups (Deligne's version, which applies to virtual representations, avoids the difficult theory of A-constants) (iii) The three fundamental identities for root numbers: Dwork's First and Second Identities and Langlands' Identity.
In the remaining sections of this report we shall give in broad outline the essential structure of the proof.
Definition of Root Numbers. Recall that if L/K is an extension of local fields, and ^K is the standard additive character on K, then ipL = IPK°T^L/K
is the standard character on L. If dxL is a self-dual Haar measure on L with respect to the standard additive character ^, then the restriction of dx^ to K coincides with the self-dual Haar measure dx -dxx on K relative to the standard additive character ^K-NOW let V = J2i j n ij (HiiXij) be a Brauer decomposition of a virtual representation in R°^(Gal(K s /K) (see Deligne [45] , for the meaning of this and related notations). We suppose the Hi are not pairwise conjugate. Let Li be the extension defined by Hi and denote by (the same symbol) Xi,j a^s o the quasicharacter of L* corresponding by local class field theory to Xi,j-With the choice of standard additive characters and Haar measures as above, we put where W(xi,j^xLi) is the Tate root number.
The main problem is to show uniqueness, that is to say, the definition of W(F) is independent of the Brauer decomposition used in the definition. This is equivalent to showing that any relation in the kernel of Brauer induction (which must necessarily correspond to a virtual representation of degree 0) is assigned the trivial value 1. By Langlands' results on the kernel of Brauer induction this is equivalent to showing that the root numbers assigned to a relation of type I, type II, or type III, as described below, corresponds to the root number identities of Dwork and Langlands'. We will explicate this next. For this purpose we shall utilize Deligne's version of Langlands' determination of the kernel of Brauer induction. (E/F) This then corresponds to the relation of Type I in the kernel of Brauer induction:
The
»eS (E/F) Note that this is equivalent, using the usual notation from the theory of induced representations, to
REMARK. This is the content of Dwork's Ph.D. Thesis at Columbia University.
The Second Dwork Identity.
The situation here deals specifically with a "diamond? of extensions of degree £:
We then have (Identity II)
A particular case of this identity when £ = 2 is given by 
(Here T denotes a complete set of orbit representatives for the action of G on the non-trivial characters of C.) This identity corresponds to the relation of type III in the kernel of Brauer induction:
REMARK.
Note that in Deligne's notation we have {x, //}=//• xAlert: In the next section, in describing the Type III relations in the kernel of Brauer induction it will be found convenient to include in the definition of the set T the trivial character \x = 1.
The Relations in the Kernel of Brauer Induction
The starting point of the group theoretic component in the development of the local approach is Brauer's theorem: J2 "i Ind% ( Xl ) = 0. In the context of the local theory of root numbers, it is sufficient to investigate the above question for solvable G. Deligne (after Langlands) gives an answer to this solvable case for slightly more general relations in the sense that the subgroups Hi need not be nilpotent. Also, instead of characterizing every
Deligne works with the equivalence class of R defined by A particularly interesting example arises from Dedekind's quarternion extension over Q:
By localizing at p = 2 , we obtain a totally and wildly ramified Galois extension over Q2 , the field of 2-adic numbers, such that its Galois group is the quarternion group of order 8:
For notational simplicity, let
Notice that Gal(B / Li) must be cyclic of order 4 because all 3 subgroups of index 2 in H% are cyclic of order 4. Given a generator \L t for the character group of Gal(B/Li), we conclude: 
It follows that
is a type II relation. It turns out that the difference between the nilpotent case and the solvable case lies in the existence of an abelian normal subgroup C of a non-abelian nilpotent G such that
It is sufficient to consider two special cases of the theorem: Relation (R3) can be handled similarly when Hi ^ G. In the case Hi = G, we recall that the set of generators is closed under torsion. This concludes the group theoretic component.
To complete the proof of the existence of the local root numbers one need only observe that to each of the relations of Type I, II, and III, which generate the kernel of Brauer induction one applies the corresponding root number identity: Type I and Type II are consequences of Dwork's Identity I and Identity II. Type III is a consequence of Langlands' Identity. In the process of carrying out the argument, there arises a delicate point which we have not discussed in this brief summary, and which must be dealt in the complete proof. Namely, when invoking the induction hypothesis, one must be able to twist the relations in the kernel of Brauer induction with abelian characters and have the corresponding twisted root number identities ready for use in the inductive step. This technical point is handled by Langlands by working in the setting of the local Weil groups. The details will appear in [197] .
